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Abstract 
Classification of mathematics into a large number of scientific disciplines in the past century led to a significant differentiation in 
mathematics instruction in primary and secondary education. In addition, the differentiation itself is followed by a chain of  
difficulties, which, above all, are reflected in the insufficient development of the characteristics of thought, and the inability to 
present young generations with a thorough and unique picture of the nature. Hence, the need to improve the curriculum 
integration, both cross and intra-disciplinary, is inevitable. This paper discusses intra-disciplinary integration in mathematics 
instruction, and provides an example that can serve as a guideline of the manner in which it can be successfully implemented.   
 2012 Published by Elsevier Ltd. 
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1. Introduction 
Division of mathematics into wide number of scientific disciplines in the past century led to significant 
differentiation in mathematics instruction in primary and secondary education. An immediate consequence of such 
and profundity of thought. Moreover, the excessive differentiation obstructs the opportunity to present a thorough 
and unique perspective of nature and society to students, as well as their place in them, and the same occurs as an 
obstacle for integral adoption of mathematical content and acquiring applicable knowledge and skills. Bearing in 
mind the previously stated, and in order to surpass the traditional classification of teaching contents into separate 
isolated units, the past few decades have witnessed a tendency toward integration of mathematics instruction, by 
insisting to achieve the same through studying mathematical logic, set theory and algebraic structures. Generally, 
these tendencies are justified by the undeniable fact that mathematics as a science is based on these mentioned 
fields. However, the following points are not taken into consideration:              
 
- the content that is the subject of elaboration, even on an elementary level, is abstract for most of the 
students,  
- in order to obtain high-level structural knowledge, a complete or partial adoption of the content is 
necessary, which is not the primary aim of the mathematics instruction, at least not for the majority of students and   
- the adoption of the mentioned content contributes insignificantly to the acquisition of high-level 
operational knowledge, which is necessary if we want students to obtain applicable knowledge and skills.   
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Bearing in mind what we previously stated, we believe that special attention should be paid to the intra-
disciplinary integration of mathematics instruction. Second, it is important for this integration to take place while 
students adopt operational knowledge, which should be skillfully used by teachers for unobtrusive adoption of 
elementary structural knowledge.   
The last is of great significance, if we take into consideration the more stressed need for procedural knowledge 
initiated by the rapid technological development and the undisputable fact that students can only obtain the same if it 
is acquired through integration. 
But, how do we achieve worthwhile intra-disciplinary integration in mathematics instruction? This question 
cannot be answered in just a few lines; however, we will note that, for instance, the desired aim can be achieved by: 
 
- innovation in the curriculum and syllabus,  the preparation of which must favor developmental strategy 
for programming the instruction, where the integration of the instruction will be an obligatory component of a new 
syllabus,    
- creation of a new concept for textual didactic resources (course books, textbooks, collections and the 
similar), a concept that will contain integration of instruction as a main criterion,  
- education of a new generation of teachers who will acquire their knowledge from integrated 
curriculum, something which is not the case at the moment, and  
- implementation of permanent education for the current teaching staff in order to provide them with 
continuous training to implement appropriate intra-disciplinary integration.   
 
Further in this paper, we will explore some examples that we believe will contribute to the improvement of intra-
disciplinary integration in mathematics instruction within the framework of the existing curriculum in primary 
education.   
  
Primary education students, while studying the theme on data processing, usually adopt the notion of arithmetic 
mean 2( , )
a bA a b  of two positive numbers a  and b . Furthermore, while studying the right triangle they also 
adopt the Pythagorean theorem, and while studying proportional values, they adopt the notion of geometric mean 
( , )G a b ab  of positive numbers a  and b . However, although students have all the necessary knowledge of 
fractional-rational expressions and related to them inequalities, and they also have knowledge of the triangle 
inequality, nevertheless, the following notions are not introduced to the students: harmonic mean 
1 1
21( , )
a b
ab
a bH a b and quadratic mean 
2 2
2( , )
a bK a b of natural numbers a  and b , and classical 
inequalities between means  
  
2 22
2 2
ab a b a b
a b ab    (1) 
Where the symbols for inequality are valid if and only if a b .  
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Clearly, the algebraic proof for the sequence of inequalities (1) is based on the obvious inequality 
2( ) 0a b and the following sequences of equivalent inequalities    
 
2 2 2 2 2
22 0 2 4 ( ) 4
a ba ab b a ab b ab a b ab ab ,  
2 2 2 2 22 2( ) 4 ( ) 4 ( )ab aba b a ba b ab ab a b a b ab ab ,  
2 2 2 22 2 2 2 2
2 2 2 22 2( ) ( )
a b a b a b a ba ab b a b , 
 
Where the symbols for the equation are valid if and only if 2( ) 0a b  the equality is valid i.e. if and only if 
a b . 
 
The justification of this position can be found in the laconic answer that students should not be burdened and that 
between means can be successfully used for the adoption of structural knowledge regarding real numbers (see [1]) 
and the same are widely implemented in practice, it is desirable to do exercises like the following while adopting 
Pythagorean theorem and studying the trapezoid.    
 
Task 1.  In a right triangle ABC , where CD  is the altitude over the 
hypotenuse, point O  is the circumcenter of the circumscribed circle 
of the triangle, AD a , DB b  and DE CO , picture 1. Prove 
that:  
( , )OC A a b , ( , )CD G a b  and ( , )CE H a b , 
And then using the obvious sequence of inequalities 
CE CD CO prove the first two inequalities in (1).   
 
Task 2.  0a b  and construct a right triangle ABC , picture 
2, where 2 ( , )
a bAB A a b  and 2
a bBC , where the case a b  
is a border case and thus the triangle degenerates into a line segment, and let point D  be the perpendicular foot of 
the altitude drawn from the apex C . Prove that ( , )AC G a b  and ( , )AD H a b , and then using the obvious 
sequence of inequalities AD AC AB , prove the first two inequalities in (1).  
 
b) In a right triangle ABC , picture 2, let 2 ( , )
a bAC A a b  and 
2
a bBC . Prove that ( , )AB K a b , and then using the obvious 
inequality AC AB   
 
With previous tasks, by using elementary knowledge from geometry we can 
prove the sequence of inequalities (1). However, this sequence of inequalities 
can be proved with the help of the following two examples, preferably 
assigned as an additional homework by the teacher.   
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Task 3.  A right triangle ABT  is given with a circumscribed circle 
( , )k O OT , picture 3. Let PT  be the tangent of circle k  drawn in point 
T  and letTC AB . If AP a  and BP b , prove that   
( , )OP A a b , ( , )TP G a b  and ( , )CP H a b , 
And then using the obvious inequality CP TP OP  prove the first two 
inequalities in (1).   
 
Task 4.   A trapezoid ABCD  with bases AB a  andCD b , 
a b is given. Prove the following statements:  
 
1) If the line segment EF  is parallel to the bases of the 
trapezoid ABCD  and runs through the bisection point of its 
diagonals, then    ( , )EF H a b . 
 
2) If the line segment PQ  is parallel to the bases of the 
trapezoid and divides the trapezoid ABCD  into two similar 
trapezoids, then ( , )PQ G a b .  
3) If the line segment RT  is parallel to the bases of the trapezoid and divides the trapezoid ABCD  into 
two similar trapezoids ABTR  and RTCD  of equal area, then ( , )RT K a b .  
4) If  MN  is a median of the trapezoid, then ( , )MN A a b .  
5) For the line segments EF , PQ , MN  and RT  the following applies, EF PQ MN RT .  
Using statements 1)   
 
In the tasks above, we have demonstrated a successful way to integrate studying classical inequalities between 
means of two numbers with the elementary geometry knowledge that students have already obtained. Further in this 
paper, we will present five tasks and the solving of which not only integrates content in the area of fractional-
rational expressions, but also enables students with a simpler way to obtain advanced knowledge of solving extremal 
problems. At the same time, our recommendation is that the first two tasks must be solved with the joint efforts from 
the teacher and students, while the other three tasks should be assigned for homework with additional instructions on 
how to solve them.     
 
 
 
Task 5.  Let 0a . If x y a , then the product xy  takes the highest value for 2
ax y  
 
Task 6.  Let 0a . If , 0, 0xy a x y , then the sum x y  takes the lowest value for x y a  
 
Task 7.  Determine the lowest value of the expression 1 1a b , where a  and b  are positive numbers, for which the 
following applies 4a b  
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Task 8.  Determine the highest value of the following expressions  
29 4
x
x
     22 3 8
x
x x
. 
 
Task 9.  The numbers , ,a b c  are positive numbers, for which the following applies  4a b c  and 
2 2 2 8a b c . Calculate the highest value for c  
 
Previously in the paper we provided an example which in our opinion is suitable for successful integration of part 
of mathematics instruction. However, as we have previously stated, in order to improve the integration of 
instruction, we need a systematic approach that has to encompass the already mentioned stages. However, teachers 
are themselves able to strengthen the integrative component of the instruction individually. Besides, if they are 
confronted by insufficient teaching time when trying to accomplish the desired aim, they can compensate by using 
the additional lessons that are normally realized with advanced students. However, it is desirable to include as many 
students as possible in these lessons. Namely, the previously stated and similar examples provide students with the 
opportunity to obtain wide-ranging operational knowledge and skills, because the increased level of this type of 
knowledge is, above all, conditioned by the fast-growing need for comprehensive and profound knowledge 
necessary to keep pace with the dynamic civilization development which characterizes the 21st century.     
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